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Double Pendulum Morin 6.19
5-25-16

N. T. Gladd

Initialization: Be sure the files NTGStylesheet2.nb and NTGUltilityFunctions.m is are in the same
directory as that from which this notebook was loaded. Then execute the cell immediately below by
mousing left on the cell bar to the right of that cell and then typing “shift” + “enter’. Respond “Yes” in
response to the query to evaluate initialization cells.

In[10]:= SetDirectory[NotebookDirectory[]];

(» set directory where source files are located =x)
SetOptions [EvaluationNotebook[], (* load the StyleSheet x)
StyleDefinitions -» Get["NTGStylesheet2.nb"]];

Get ["NTGUtilityFunctions.m"]; (* Load utilities package x)

Purpose

| work through some basic calculations relevant to the double pendulum, motivated by Morin, /nfroduc-
tion to Classical Mechanics: With Problems and Solutions. Problem 6.19 is a nice “4-star” problem.

Included are

1 derivation of the Lagrangian

2 generation of the Euler-Lagrange equation

3 linearization of the basic equations and analysis of special cases
4 eigenmode analysis

5 visualization and animation of the eigenmodes

Problem set up and geometry
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Double Pendulum

I

Notational preparations

In[12]:=

| want to use subscripts so | load the notation package and declare various entities to be symbols

<< Notation®
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3= | Symbolize[ x; ]; Symbolize[ y; |; Symbolize[ x, |; Symbolize[ y, |;
Symbolize[ m; |; Symbolize[ ¢, |; Symbolize[ e, ]; Symbolize[ m; |;
Symbolize[ ¢, |;

Symbolize[ e, |;

Symbolize[ 66, |;

Symbolize[ &6, |;

Symbolize| e; |;

Symbolize[ e,

Symbolize[ (o

Symbolize[ C,

Symbolize[ C3

Symbolize [ Un

B
B
B
B
Symbolize[ C; |;
B
Symbolize[ A; |;
|5

Symbolize[ A,

| Deriving the Lagrangian

| specify the end points of the two pendulums.

= | WL[1] = Thread[{xi[t], yi1[t]} » ¢1 {Sin[61[t]], - Cos[61[t]]}]

Out{16]= {x1[t] > /1Sin[61[t]], y1[t] » -/1Cos[o1[t] ]}

In[17]:= wl[2] =
Thread[{x2[t], y2[t]} - {Xi1[t], yi[t]l} + ¢ {Sin[6;[t]], - Cos[6,[t]]}] /. wl[1]

out17}= {x2[t] > /1 Sin[61[t]] +/2Sin[62[t] ], y2[t] > -/1Cos[O1[t]] -/2Cos[O2[t]]}

The potential energy is

In[18]:= wl[3] = V[t] -» mlgyl[t] + ngyz[t]

Out[18]= (V[t} —>gm1y1[t] +gm2y2[t}

The kinetic energy is
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o | wWi[4] = T[t] o % (DDxa[t], t1%+ DIy:[t], t]1%) + % (DIX2[t], 1%+ Dly2[t], t]1?)

1
oungr | TLE] > > m (¥ [t12+y2 [t]?) + NG (%2 [t1% +ya' [t]2)

The Lagrangian is

In[20]:= wl[5] = £[t] -» 7[t] - V[t] /. wl[3] /. wl[4]

1 ’ 2 ’ 2 1 ’ 2 ’ 2
ouzor | L[t] > -gmyi[t] -gmaya[t] + e (x2 [t]% +ya [t]?) + N (o' [t]? +y2' [t]?)

Using angular coordinates

In[21]:= wl["final"] = wil[5] /. D[wl[1], t] /. D[wl[2], t] /. wl[1] /. wl[2] // Simplify

1
oup= | L[t] > = (28 (1 (my+ma) CoS[O1[t]] +famyCos[O,[t]]) +
2

3 (my+my) 61/ [t]? + 24103 mCos[O1[t] -O2[t]] 617 [t] 62 [t] + 3 my 67 [t]?)

2 Euler-Lagrange equations

The Euler-Lagrange equation for 6 is

In[22]:= w2[2] =
D[D[L[t] /.wl["final"], o1 [t]], t] == D[L[t] /. wl["final"], e©:1[t]] // ExpandAll

Out[22]= ~f14amy Sin[O1[t] - 6,[t]] 617 [t] € [t] + 41 famySin[61[t] -6, [t]] 6/ [t]%+
2my 617 [t] + 2 my01” [t] + 1/, myCos[O1[t] ~6,[t]] 627 [t] =
-g/imiSin[O1[t]] -glim Sin[O61[t]] -1/, m Sin[61[t] -6,[t]] 61" [t] 65" [t]

This can be simplified

In[23]:= w2[3] = Collect[w2[2], {e1”[t], €2 [t]}];
w2[3] = Simplify[w2[3], Trig - True];
w2[3] = Collect[w2[3], {Sin[61[t]], g}]
Out[25]= g71 (my+my) Sin[O61[t]] + 71
(f2m2Sin[61[t] -©2[t]] 6 [t]% +¢1 (my+ma) €17 [t] +f2myCos[O1[t] -6, [t]] 6,7 [t]) =

The Euler-Lagrange equation for 6, is
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neei= | w2[4] = D[D[L[t] /. wl["final"], e, [t]], t] =
D[L[t] /.wl["final"], ©,[t]] // ExpandAll;

w2[5] = Collect[w2[4], {6:.”[t], &€, [t]}];

w2[5] Simplify[w2[5], Trig - True]

ouzsl= | f2my (8SIN[6,[t]] ~41Sin[61[t] -6, [t]] 61 [t]? +/41Cos[O1[t] -6, [t]] 617 [t] +4, 0,7 [t]) =

0
In[29]:= w2["final"] = {w2[3], w2[5]}
out[29]= {g 1 (my +my) Sin[61[t] ] +

1 (42ma Sin[O1[t] -6, [t]] ©2' [t]1?+ 41 (m+my) O17[t] +/famy Cos[61[t] -6;[t]] 6,7 [t]) =
@, /ymy (8Sin[O2[t]] - f1Sin[O1[t] -6, [t]] 61" [t]% +
/1 Cos[e1[t] -62[t]] 617 [t] +4, 6,7 [t]) = 0}

3 Limiting cases

Small oscillations approximation. Introduce the formal small quantity € << 1

men= | W3[1] =w2["final"] /. {61 » ((ee1[#]) &), 6, » ((ee62[#]) &)}

out[31]= {841 (m+ma) Sin[e 61[t]] + /1 (ame®Sin[eo1[t] € 6,[t]] 62/ [t]%+
1 (my+my) €61 [t] +famyeCos[eOr[t] -€6,[t]] €7 [t]) =0,
fymy (gSin[e ©3[t]] -/f1€?Sinfe oy [t] —e 6, [t]] 61/ [t]% +
f1eCos[eor[t] —€0,[t]] 617 [t] +/€0,” [t]) =0}

Expand and truncate at order €

In[32]:= w3[2] = Map[NormaleSeries[#, {e, O, 2}] &, w3[1], {2}] // ExpandAll

out[32)= {gtameor[t] +gtimeO[t] +Ameor[t] +fime6,” [t] +f1lame 6y [t] =0,
glrmy e 6, [t] +71 /ZI’HZEel”[t] +/§f7’72€92”[t} == }

In[33]:= w3[3] = w3[2] /. e™~"1 50 /. e » 1

oups= | {@fam O1[t] + gm O1[t] + A m 617 [t] + im0 [t] + 41l my 0,7 [t] =0,

gl2my ©2[t] +41lamy 01" [t] + 3 my 02" [t] = O}

In[34]:= w3["final"] = w3[3]

oupa: | {8l m O1[t] + gl mO1[t] + A m 1 [t] + fmy 01" [t] + 1ty my 6 [] =0,
glamy O[] +41lamy 01 [t] + 5 my 07 [t] = @}
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A Special case: Equal length pendulums

In[36]:= wW3A[1] = w3[3] /. ¥t = 1 /. {1 > ¢

{g¢mi61[t] +8¢mO1[t] + 2 m O [t] + P my61” [t] + P m 0, [t] =0,

Out[36]=
g/my©[t] + 7 my01” [t] + 2 my 0,7 [t] = 0}
Special case: mp << my
o= | Module[{6y = 7 /16, €; = -7 /20, um = 0.9, u¢ = 0.5, lab},
lab = "Example m, << mj\nBehaves like pendulum with length ¢;";
ShowPendulums[{61, 6}, uf, um, lab]]
Example m; << mq
Behaves like pendulum with length /4
Parameters
6; | 0.196
/1 | 0.500
my | 0.900
6, |-0.157 h
7, | 0.500
my | 0.100
out[37]= mq
1]
o m
Introduce a parameter for the mass ratio
In[38]:= w3A[2] = w3A[1] /. my > um
out[38]= {g PmiO1[t] +8¢m uO1[t] +#2m 617 [t] + P m 6" [t] +#2mi 6, [t] =0,
g/myl 62 [t] + /2 my 6y [t] + 2 m 116 [X] == O]
nzor= | W3A[3] = Map[(#/ (my %)) &, w3A[2], {2}] // Expand
goi[t] guoi[t] . ., ., guos[t] . .,
Out[39)= { , + , +01" [t] +uo” [t] + o [t] =9, THJ@ [t] +noey” [t] :0}

In the limit y > 0, this case reduces to that of a simple pendulum of with mass m4 and length /4. The

second pendulum is negligible.
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In[40]:= w3A[4] = w3A[3] /. u > ©
o1t
Out[40]= {w +6,"[t] =0, Tr‘ue}
!
Special case: my << m»
oui= | Module[{€y = 7 /16, €; = -x/20, um = ©.1, u¢ = .5, lab},
lab = "Example m; << m;\nBehaves like pendulum with length ¢;+¢,";
ShowPendulums[{6;, ©,}, uf, um, lab]]
Example m1 << m2
Behaves like pendulum with length /1+/>
Parameters
6, | 0.196
/4 | 0.500
my | 0.100
8, |-0.157 h
1, | 0.500
m; | 0.900
Out[41]= mq
1]
®
In[42]:= w3A[5] = w3A[1l] /. my -» nm;
Outf42)= {g¢my01[t] +8¢manO1[t] + P mO [t] + P mynoy [t] +#m6y [t] =0,
gm0y [t] + 2 my01 [t] + P my 0" [t] == @}
o= | w3A[6] = Map[(#/ (m2¢?)) &, w3A[5], {2}] // Expand
o1t o1t 6, [t
Out[43]= {g 1t + 161t +61” [t] +n 6" [t] +627[t] =0, 8O2[t] +6,7[t] +6,7 [t] = 0}
! 4 4
In[44]:= w3A[7] = w3A[6] /. n - ©
O1[t 6, [t
Outfad]= {w +617[t] +6,7 [t] =0, 8%(t] 61" [t] +6," [t] = 0}
! !

In this case, the motion reduces to that of a pendulum with length 2 /.
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In[45]:= w3A[8] = w3A[7] /. 61 - 6,;
w3A[8] = Map[(#/2) &, w3A[8], {2}] // Expand
0, [t 0, [t
Outias= {w+ez”[t} -0, erez”[t} =0}
27/ 27

3B Special case: Equal masses

In[47]:= w3B[1] = w3["final"] /. my » my /. m1 - m
outTI= {2g/moL[t] 244 mor" [t] +/1lamEy [t] =@, glamOy [t] +/1lamOy” [t] +3mEy" [t] = @}
Special case: /o << /4
nssi= | Module[{e, = = /16, 6, = -x /20, um = @.5, u¢ = 0.9, lab},
lab = "Example ¢, << ¢;\nBehaves like pendulum with length ¢;";
ShowPendulums[{61, ©6,}, uf, um, lab]]
Example /; << /4
Behaves like pendulum with length /4
Parameters
6, | 0.196
;| 0.900
my | 0.500
0, [-0.157
I, | 0.100
m; | 0.500
h
Out[48]=
m
1]
°-
In[49]:= w3B[2] = w3B[1] /. ¥#; » ufy
Out[49]= {2 g/imoy[t] +2 /% mo1” [t] +/% mue,” [t] =0,
glmuoy[t] + A muo,” [t] + 4 mu* e, [t] = e}
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In[50]:=

Out[50]=

In[51]:=

Out[51]=

In[52]:=

Out[52]=

In[53]:=

Out[53]=

In[54]:=

Out[54]=
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w3B[3] = Map[(#/ (2m¢?)) &, w3B[2], {2}] // Expand

go1[t]
{7/1

+617 [t] + Euez”[t} =0,

1 guo[t] 1 ., 1 .,
= L ue[t] + — ey [t ::0}
27 2 2

w3B[4] = w3B[3] /. u -» @

{gel[t]

71

+61”[t] =@, True}

and the motion is that of a simple pendulum with length /4

Special case: /1 << /»

Module[{e; =

7r/16, 6, = —71'/20, um = 0.5, u¢ = 0.1, lab},
lab = "Example ¢; << ¢;\nBehaves like pendulum with length ¢,";
ShowPendulums[{6;, ©,}, uf, um, lab]]

Example /1 << /;

Behaves like pendulum with length />

Parameters

6,

0.196

h
my

2

0.100

m

0.500

6,

-0.157

A

0.900

m2

0.500

A

@

w3B[5] = wW3B[1] /. #1 » n?;

{2gtamnoi[t] 24 mn? 01" [t] + 5 mn 6y [t] =0,
gamOy [t] +5mney” [t] +5mey” [t] = 0}

2gno1[t]
{ 4
2

+2n*ey"[t] +ney" [t] =0,

w3B[6] = Map[(#/ (m¢?)) & w3B[5], {2}] // Expand

g6, [t]

+n 61" [t] + 6,7 [t] = 0}
72
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In[55]:= w3B[7] = w3B[6] /. n - ©
6, [t

out[55]= {Tr‘ue, erQz”[t] == }
72

Again, the simple pendulum but with length /5.

4 Eigenmodes, equal length pendulums

To illustrate eigenmodes | consider equal length pendulums. The equal mass case is analogous.

In[56]:= wa[1l] =w3["final"] /. {#1 » ¢, #2 » ?}

out[56]= {g¢mi01[t] +8¢mO1[t] + P m O [t] + 2 my61” [t] + P m 6, [t] =0,
gm0y [t] + 2 my01” [t] + P my 0" [t] = @}

Determine the equilibrium state

In[57]:= wa[2] = wa[l] /. {61 [t] » O, 617[t] » @} /. {6[t] -» @, 6,”[t] - 0}

Outis7}= {g/miO1[t] +8¢/my01[t] =0, g/mO2[t] =0}

As expected the equilibrium solutions correspond to the pendulums hanging vertically.

In[58]:= w4a[3] = Solve[w4[2], {o1[t], 6,[t]}]1M1]

Oout[58]= {61[t] -0, 6,[t] » 0}

The generation of perturbations about the equilibrium is trivial in this case.

nse)= | wA[4] = wa[l] /. &1 » ((ed6:1[#]18&)) /. 6, » ((ed62[#] &))

out59)= {g¢mie60,[t] +8¢maeb01[t] + > med61” [t] +2mye b0, [t] + > mye 66, [t] ==,
g/ my€ 60, [t] + 1 mye 501 [t] + ¥ mye 66, [t] =0}

neoi= | wA[5] = wa[4] /. €™l 50 /. e 5 1

oueo)= | {87 m1 861 [t] + g1 my 861 [t] + 7 my 6617 [t] + 2 my 5617 [t] + 12 my 66, [t] = O,
g4 my 66, [t] + 12 my 5617 [t] + % my 60, [t] = @}

o= | wa[6] = Map[(#/ (m1#?)) & wa[5], {2}] // Expand

g o601 [t] gmydo1[t] ., my 661 [t]  my 66, [T]
+ + 691 [t] + + == B
/ //7’71 ma ma

Bma 86y [t] M2 661" [E] 26027 [E] )

out[61]= {

! ma ma maq
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It is convenient to adopt a dimensionless form

In[62]:= def[Q] = Q% =g/ ¢

out[62]= 02 = §
!
In[63]:= wa[7] = w4a[6] /. Sol[def[Q], g]
my Q% 66, [t my 661" [t my 66, [t
oupa- | {92 86, [t] + —————— Lt soyrpty o 12008 M 00T IR]
my my may

my Q2 66, [t]  my 8617 [t]  my 56,7 [t]

+ + ::}

ma ma mq
In[64]:= w4[8] = {w4[7][1, 11, wa[7][2, 1] m1 / my} // ExpandAll
my Q2 564 [t my 6617 [t my 66, [t
ouse- | {9 6611t] + 2—1[]+561”[t} ,m200 [t  m o6 [t] o, 56, [t] + 661" [t] + 66" [t])
my my my

Construct the eigenvalue equations

o= | wa[9] = wa[8] /. {661 » ((AExp[Iw#]) &), 66, » ((BExp[Iw#]) &)} /. t >0
A 2 B 2 A my Q2
out[65]= {—sz— 2 - 2 @ +AQ2+L, —sz—Bw2+BQ2}
mq mq mq
In[66]:= w4[10] = {{Coefficient[w4[9][1], A], Coefficient[w4[9][1], B]},

{Coefficient[w4[9] [2]], A], Coefficient[w4[9][2], B]l}}

2 2 2
my W my Q my W
out[66]= waz— + Q%4 y - }, {fwz, fw2+Q2}}
my my my
In[67]:= w4 [10] // MatrixForm
Out[67]//MatrixForm=
2o met o2 mer mu?
my my my
- w? —w? + Q2

The eigenmode equation is

In[68]:= w4[11l] = Det[w4[10]] == ©
2 my w2 Q? my Q4
out[68]= wr -2 w? 0% - £ oL 2 ==
ma my
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In[69]:= w4[12] = Solve[w4[11l], w];
w4[12] = Simplify[#, Assumptions -» {Q € Reals, Q > 0}] & /@ w4[12]
1 my +my — A/ my (m1 +my)
out[70]= {{we - (—(m1+m2— my (mq + my) )) Q}, {we Q},
ma my
1 my +my + A my (m1 +my)
{we— (7(/771-%—/7’72-%— my (mq + my) ) Q}, {we Q}}
mq ma
These expressions agree with the eigenvalues given by Morin. Now for the eigenmodes
In[71]:= wa[13] = {w4[12][2, 1], w4[12][4, 1]}
. {wa mq + my — my (m1+m2) Q, > mq + my + my (m1+m2) Q}
ma ma

The eigenvalues are

In[72]:= w4a[14] = {w4[13][1] /. w -» w1, WA[13][2] /. w » w3}
my + my -~ my (my+m my + my +~my (my+m
out[72]= {w1 > 1 2 2 (M 2) Q, wy = 1 2 2 (my 2) Q}
mq my

introduce some simplifying notation

In[76]:= w4[15] = wa[1l4] /. my > U, ma;
w4[15] = Simplify[#, {m, € Reals, m, > 0}] & /@ w4[15]
1+ — A/ 1+ 1+ + A/ 1+ Ly,
out[77]= {wl - Q , Wy > Q }

Mm Hm

To determine the eigenmodes, Choose either of the equations

In[78]:= wa[9] /. m1 > U, m;

) , Aw* Bw* AQ?
out[78]= {—Aw +AQ - — — +
Hm Hm Hm

, 7Aw275w2+|3§22}

and set B =1
In[79]:= w4[16] = Sol[w4[9][2] == © /. B » 1, A]
—w? + Q?
out[79]= Ao —
w?
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The two possibilities for A are

In[80]:= w4a[17] = {w4[1l6] /. w » w1 /. A > A;, w4[16] /. w » wy /. A > Ay}
Q2 - w? Q2 - w3
out[80]= {Al - L , Ay > 2 }
w? w3
1 2

Now to construct specific forms for the eigenmodes

In[81]:= wa[18] = {e1 - {A1, 1}, e2 > {Ay, 1}} /. w4[17]
02 _ 2 02 _ 2
out[81]= {el - {—1, 1}, e - { 2, 1}}
2 2
w1y w3

Now to express the solution in terms of eigenmodes

In[82]:= w4[19] =
{661[t] == e1.{C1Exp[Iw;t] + C; EXp[-Tw;t], C3 Exp[Iw,t] + C4 Exp[-Tw, t]},
66, [t] = ey . {CiExp[Iw;t] + C; Exp[-Iwit], CGGExp[Iw,t] + C4 Exp[-Iw,t]}}
Out[82]= {661[t1 == el.{CZ e’““1+C1 ejt““, C4 eijtw2+C3 ejth},

592[1:] == ez.{cz eiitwl +C1 @]lltle C4 e*l'lth +C3 (e]itu)z}}

The eigenmodes must be real

In[83]:= w4[20] = w4[19] /. C, - Conjugate[C;] /. C4 - Conjugate[Cs]

out[83)= {601[t] =e1.{Cie' " + e ' *“ Conjugate[C1], C3e' *“2 + e ' *“2 Conjugate [C5] }

J
66, [t] = e;.{Ci e’ ¥+ e *¥ Conjugate[Cy], C3 e "2+ e ' *¥ Conjugate [C3] } |

Symbolize[ Ry ]; Symbolize[ 1 ]; Symbolize[ R, ]; Symbolize[ @ ];

nea= | wA[21] = wa[20] /. {Ci » RyExp[I¢1] /2, Conjugate[C;] » RyExp[-I¢y]/2} /.

{C: » R Exp[I¢,] /2, Conjugate[C3] » R, Exp[-I¢,] /2}

1 . . 1 . . 1 . ) 1 . .
outBd]= {691 [t] = e;. { Zeihi-itwm Ry + — et ¢1+1twg Ry, —et $2-1tw, R, + — et ¢$a+1twy RZ}J
2 2 2
592 [t] = e,. {l efi ¢1-1 tws Rl 4 1 e]i ¢1+1 twy Rl) l efi ¢r-1 t wy R2 4 1 e]i ¢a+1 twy RZ}}
2 2 2 2

In[85]:= w4[22] = Map[ExpToTrig, w4[21], {3}]

Out[:

=]
5]

= {661[t] = e1.{Cos[¢p1+twi] Ry, Cos[¢y +twa] R2},
663 [t] = ey.{Cos[¢1 +twi] Ry, Cos[¢p +twr] Ra}}
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In[86]:= w4[23] = w4[22] /. {e1 » {A1, 1}, e » {A;, 1}}

Out[86]= {691[t1 = A Cos[¢)1+tw1] R1+COS[¢)2+t(JJ2} R2,
(592[t] = A, Cos[d>1+ta)1] R1+C0$[®2+t(d21 Rz}

Summarizing, the eigenvalues are

In[87]:= w4[15]

1+ Uy — )1+ L Lt by +af 1+ LUy }

out[87]= {wl ->Q , Wy > Q
Hm Hm

and the corresponding eigenmodes are

In[88]:= w4[18]

2 2 2 2
Q° - w3 QF - w3
5 :1}) eZ%{
w1 w3

Out[88]= {el - {

The constants R and ¢ are determined from initial conditions.

5 Visualization and animation of eigenmodes

In[89]:= w5[1] = {emodel == {A; Cos[tw;], Cos[tw;]}, emode2 == {A, Cos[tw,], Cos[tw,]}}
out[89]= {emodel == {A; Cos[tw;], Cos[tw;i]}, emode2 == {A; Cos[tw,], Cos[twy]}}
noor= | W5[2] = W5[1] /. t » T/Q /. {01 » wl, w; » w2, A; »Al, A, - A2}
Twl Twl T w2 T w2
out90}= {emodel == {A1Cos| —], Cos| |} emode2 == {A2 Cos| —], Cos| 111
Q Q Q Q
In[91]:= w4[15] /. u, - um
1+pum-~/1+pum 1+pum+~1+pum
out[91]= {wl - Q, Wy = Q}
um um
In[92]:= w4a[18] /. {w1 » wl, w; » w2}
Q2 - w1? Q2 - w22
out[92]= {ele{—, 1}, eze{—, 1}}
wl? w2?
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Time dependence of eigenmodes

oes- | Module[{g = 9.8, ¢ = 1, um = 1, image = {500, 250}, Q, wl, w2, Al, A2, lab, G},
Q = Vg/(;
1+um-+v1+pum 1+um+V1+pum
{wl, w2} = { Q, e};
um um
Q% -wl? Q%-w2?
{A1, A2} ={ s }s

wl? w2?
lab = StringForm["um = *° o= e

w1 = = >

NF2@um, Tr‘aditionalFor‘m[" (i (1 +um=-+1+pum )] Q"] , NF2[wl] ] 3
um

T

wl wl
G[1] = Plot[{A1Cos[t—], Cos|[ 1}, (=, o, 10},
Q Q
PlotStyle -» {Black, DASHED},
PlotLabel - Stlelab,
AxesLabel - {Stl["t"], Stl["A;(black), B(dashed)"]}, ImageSize - image];

lab = StringFor‘m["um =" w, =" = """, NF2eum,

TraditionalForm|" (i (1 +um+ vV 1+pum )) Q"], NF2[w2]];
um

T

2 2
G[2] = Plot[{A2Cos[i],Cos[ = 1}, {z, o, 10},
Q Q
PlotStyle - {Black, DASHED},
PlotLabel - Stlelab,
AxesLabel - {Stl["t"], Stl["A,(black), B(dashed)"]}, ImageSize - image];

Grid[{{G[1]}, {G[2]1}}1]
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Aq(black), B(dashed)

pum =1.00 w; =1/ 1—*’"“4’"““@ Q=240

1.0

0.5

-1.0
Out[93]=

10n N -
\ PN P '
\ ! o !
\ o 1 \ !
' ! \ ] \ !
\ !
05F ] \ :' \‘ h
\ ! \ 1 \ !
\‘ ! \ h \ 1
\ 1
\ {0 P :
‘ ‘ ) ‘ Lo
1 2 4 \ ’6 |‘ h 10
\ ! \ I \ !
\ ! \ h \ 1
' H \ i \ !
-05 \ I \ 1 \ !
\ H \ 1
\ ! \ ! \ !
v Voo v/
\S N v/
\ / N S
10t - o ~/
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In[94]:=

out[94]=

Animation of eigenmodes

Double Pendulum Morin 6.19 5-25-16.nb

| 17

Module[{g =

9.8, ¢/ =1, um = .2, ulPlot,

umPlot, Q, wl, w2, A1, A2, valsl, vals2, lab, frames},

Vg/t;

Q =

{wl, w2}

] {\/wm-m
um

Q% -wl? Q?-w2?

{ s }s

(A1, A2}
wl? w2?

Twl
valsl = Table[O.l{AlCos[———ﬁ
Q

vals2

Table[O.l{A2Cos[E!23]
Q

ulPlot = 0.5;

umPlot = pm/ (1 +um);
lab[1] =
lab[2] =
frames =

Table[Grid[ { {ShowEigenmodes [valsl1[i] , plPlot, umPlot, lab[1], {300, 250}],
ShowEigenmodes [vals2[i] , p1lPlot, umPlot, lab[2], {300, 250}1}}]1, {i, 1, 100}];

ListAnimate [frames, 10] ]

()
J

Mode 1 (symmetric)
Hm = m1lm2 =0.20

StringForm["Mode 1 (symmetric)\nu, = my/m; =
StringForm["Mode 2 (antisym)\nu, = my/m; =

1+um+V1+pum
Q, Q};
m

u

T

C
, Cos| S

T

C
» Cos| S

DIAFIE]

1} (e 0, 10, 0.13];

wz”,{r,e,lm 0.1}];

, NF2eum];

, NF2eum];

Mode 2 (antisym)
Hm = m1/m2 =0.20

mq

]

my

1

@
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Graphics

In[95]:=

out[95]=

InitialDiagram[{ /4, -x/8}, 0.4, 0.4, "Double Pendulum"]

Double Pendulum

I

°-

copyright © N T Gladd 2016



Double Pendulum Morin 6.19 5-25-16.nb | 19

In[4]:= Clear[InitialDiagram];
InitialDiagram[{e61_, ©2_}, uf_, um_, lab_] :=
Module[{¢ = 1, m = 1, g = 9.8, offset = 0.075,
pSize = 0.10, x1, x2, y1, y2, 1, ¢2, pSizel, pSize2, 0, P1, P2,
pendula, support, vertical, éarc, xAxis, zAxis, axes, PtoC, GVector},
PtoC[r_, 6_] := r {Sin[e], Cos[O]};
GVector[tail , tip_, label_, posLabel , size_, color_] :=
{color, Arrowheads [size], Arrow[{tail, tip}], Text[Stl[label], posLabel]};

support = {BLACK, Line[{{-0.5, @}, {0.5, ©}}]};

vertical = {GraylLevel[0.75], Dashing[{0.01, ©0.01}], Line[{{0, 0}, {0, -1.1}}1};

{f1, 2} = {ut, 1 - puf}!;

x1 = ¢1Sin[e61];

yl = -/1Cos[61];

X2 = ¢1Sin[e1] +¢2Sin[62];

y2 = -f1Cos[61] - f2Cos[62];

{pSizel, pSize2} = {um, 1-um} pSize;

{0, P1, P2} = {{@, 0}, {x1, y1}, {x2, y2}};

axes = With[{origin = {©.5, -0.5}},
xAxis = GVector[origin, origin + {0.1, @}, "x", origin+ {0.15, 0}, Small, Gray];
zAxis = GVector[origin, origin + {0, 0.1}, "y", origin+ {0, ©.15}, Small, Gray];
{xAxis, zAxis}];

éarc = {GrayLeve1[9.7], Arrowheads [Small] ,

Arrow@Table[PtoC[ﬁ, o], {e, n, n-e1, _ﬂ}]’
3 64

{Black, Text[Stl["e;"], PtoC[1.25 L) Mean[{r, n-61}1]]}};
3

pendula =

A A 0+ P1
{Thick, {Brown, Line[{0, P1}], {Black, Text[Stl["/,"], + {1, 0} offset],

PointSize@pSizel, Point[P1], Text[St1["m;"], P1+ {1, @} offset]}},
. P1 + P2
{Yellow, Line[{P1, P2}], {Black, Text[Stl["¢,"], ——— + {1, 0} offset],
2

PointSize@pSize2, Point[P2], Text[St1["m;"], P2+ {1, @} offset]}}};

Graphics [ {support, vertical, pendula, earc, axes},
PlotLabel -» Style[lab, 10, Bold], AspectRatio -» 1, ImageSize - {400, 350}]]
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In[96]:=

Out[96]=

ShowPendulums [ {  / 4, —7r/8}, 0.4, 0.4, "Example State of Double Pendulum"

Example State of Double Pendulum

Parameters

6, | 0.785 )

/1 | 0.400 !
m4 | 0.400

6, |-0.393

/> | 0.600 m
m2 | 0.600

I
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In[6]:= Clear [ShowPendulums] ;
ShowPendulums[{e61_, ©2_}, uf_, um_, lab_] :=
Module[{¢ = 1, m = 1, g = 9.8, offset = 0.075,
pSize = 0.10, x1, x2, yi, y2, ¢1, ¢2, ml, m2, pSizel, pSize2, O,
P1, P2, pendula, support, vertical, insert, inset, PtoC, GVector},
PtoC[r_, 6_] := r {Sin[e], Cos[O]};
GVector[tail , tip_, label_, posLabel , size_, color_] :=
{color, Arrowheads [size], Arrow[{tail, tip}], Text[Stl[label], posLabel]};

support = {BLACK, Line[{{-0.5, @}, {0.5, ©}}]};

vertical = {GraylLevel[0.75], Dashing[{0.01, ©0.01}], Line[{{0, 0}, {0, -1.1}}1};
{f1, 2} = {ut, 1 - puf}!;

{ml, m2} = {um, 1 - pm} m;

x1 = ¢1Sin[e1];

yl = -/1Cos[61];

X2 = ¢1Sin[e1] +¢2Sin[62];

y2 = -1 Cos[61] - 2 Cos [62] ;

{pSizel, pSize2} = {um, 1-pum} pSize;

{0, P1, P2} = {{@, 0}, {x1, y1}, {x2, y2}};

pendula =

. . 0+ P1
{Thick, {Brown, Line[{0, P1}], {Black, Text[Stl["/,"], + {1, 0} offset],

PointSize@pSizel, Point[P1], Text[St1["m;"], P1+ {1, @} offset]}},
. P1 + P2
{Yellow, Line[{P1, P2}], {Black, Text[Stl["¢,"], ——— + {1, 0} offset],
2

PointSize@pSize2, Point[P2], Text[St1["m;"], P2+ {1, @} offset]}}};
insert = LGrid[{{"e:", NF3@N[61]}, {"f1", NF3@eN[¢1]}, {"m", NF3@N[ml]},
{"e,", NF3@N[6e2]}, {"f,", NF3@N[#2]}, {"m>", NF3@N[m2]}}, "Parameters"];
inset = Inset[insert, Scaled[{0.2, 0.8}]];
Graphics [ {support, vertical, pendula, inset},
PlotLabel - Style[lab, 10, Bold], AspectRatio -» 1, ImageSize - {400, 350}]]
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Clear [ShowEigenmodes] ;

ShowEigenmodes[{©1 , ©2 }, uf_, um_, lab_, imageSize ] :=

Module[{¢ = 1, m = 1, g = 9.8, offset = 0.075, pSize = 0.10, x1, X2, yl, y2, /1, /2,
ml, m2, pSizel, pSize2, 0, P1, P2, pendula, support, vertical, PtoC, GVector},
PtoC[r_, 6_] := r {Sin[e], Cos[O]};
GVector[tail , tip_, label_, posLabel_, size_, color_] :=
{color, Arrowheads [size], Arrow[{tail, tip}], Text[Stl[label], posLabel]};

In[

[E:

]

support = {BLACK, Line[{{-0.5, @}, {0.5, ©}}]};

vertical = {GraylLevel[0.75], Dashing[{0.01, ©0.01}], Line[{{0, 0}, {0, -1.1}}1};
{f1, 2} = {ut, 1 - pf}!;

{ml, m2} = {um, 1 - pm} m;

x1 = ¢1Sin[e61];

yl = -/1Cos[61];

X2 = ¢1Sin[e1] +¢2Sin[62];

y2 = -f1Cos[61] - f2Cos[62];

{pSizel, pSize2} = {um, 1-um} pSize;

{0, P1, P2} = {{@, 0}, {x1, y1}, {x2, y2}};

pendula =

. . 0+ P1
{Thick, {Brown, Line[{0, P1}], {Black, Text[Stl["/,"], + {1, 0} offset],

PointSizeepSizel, Point[P1], Text[St1["m;"], P1+ {1, @} offset]}},
: P1 + P2
{Yellow, Line[{P1, P2}], {Black, Text[Stl["¢,"], T+ {1, @} offset],
PointSize@pSize2, Point[P2], Text[St1["m;"], P2+ {1, @} offset]}}};
Graphics [ {support, vertical, pendula}, PlotLabel - Style[lab, 10, Bold],
AspectRatio -» 1, ImageSize - imagesize]]
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